We study the spectrum of the large N quantum field theory of bosonic rank-3 tensors, whose quartic interactions are such that the perturbative expansion is dominated by the melonic diagrams. We use the Schwinger-Dyson equations to determine the scaling dimensions of the bilinear operators of arbitrary spin. Using the fact that the theory is renormalizable in d = 4, we compare some of these results with the 4 − expansion, finding perfect agreement. This helps elucidate why the dimension of operator φ abc φ abc is complex for d < 4: the large N fixed point in d = 4 − has complex values of the couplings for some of the O(N ) 3 invariant operators. We show that a similar phenomenon holds in the O(N ) 2 symmetric theory of a matrix field φ ab , where the double-trace operator has a complex coupling in 4 − dimensions. We also study the spectra of bosonic theories of rank q − 1 tensors with φ q interactions. In dimensions d > 1.93 there is a critical value of q, above which we have not found any complex scaling dimensions. The critical value is a decreasing function of d, and it becomes 6 in d ≈ 2.97. This raises a possibility that the large N theory of rank-5 tensors with sextic potential has an IR fixed point which is free of perturbative instabilities for 2.97 < d < 3. This theory may be studied using renormalized perturbation theory in d = 3 − .
Introduction and Summary
A remarkable feature of some theories with tensor degrees of freedom of rank 3 and higher is that they possess large N limits dominated by the so-called melonic Feynman diagrams. This was discovered and proven for a variety of theories where the different indices of a tensor are not equivalent, but rather transform under different O(N ) or U (N ) symmetry groups [1] [2] [3] [4] [5] [6] [7] [8] .
Recent evidence has also emerged [9, 10] that, even for the symmetric traceless tensor theories which have only O(N ) symmetry and are similar to the tensor models introduced in the 90s [11] [12] [13] , the melonic dominance continues to apply.
One of the reasons for the renewed interest in the large N theories with tensor degrees of freedom is their connection [14, 15] with the SYK-like quantum mechanical models of fermions with disordered couplings [16] [17] [18] [19] [20] [21] [22] [23] . 1 In the large N limit these models have a conformally invariant sector, but also have the special operators whose correlators are not fixed by the conformal invariance.
It is of obvious interest to extend the SYK and tensor models to dimensions higher than d = 1. Such extensions were considered in [15, [26] [27] [28] [29] . Some of our work in this paper will be following the observation that, in a theory of a rank-3 bosonic tensor field one may introduce quartic interactions with O(N ) 3 symmetry [15] . Although the action is typically unbounded from below, such a QFT is perturbatively renormalizable in d = 4, so it may be studied using the 4 − expansion [30, 31] .
In this paper we further explore the 4 − expansion and compare it with the large N Schwinger-Dyson equations, finding perfect agreement. We present results on the large N scaling dimensions of two-particle operators of arbitrary spin as a function of d, found using the Schwinger-Dyson equations. A salient feature of the large N spectrum of this theory in d < 4 is that the lowest scalar operator has a complex dimension of the form
We confirm this using the 4 − expansion in section 3. In that calculation it is necessary to include the mixing of the basic "tetrahedron" interaction term, We also extend our results to rank q − 1 tensors with φ q interactions. In each dimension d it is found that the two-particle mode with complex scaling dimension disappears for q greater than some critical value q crit (for example, in d = 2, q crit ≈ 64.3 [29] ). We study the spectrum of bilinear operators in the large N bosonic theory with q = 6 in 3 − dimensions and point out that it is free of the problem with the complex dimension of φ 2 for < 0.03.
Thus, this theory is a candidate for a stable large N CFT, albeit in a non-integer dimension.
However, an obvious danger, which we have not investigated, is that the coupling constants for some of the O(N ) 5 invariant sextic operators may be complex in d = 3 − .
A more promising direction towards finding melonic CFTs in d ≥ 2 is to explore the supersymmetric versions of tensor or SYK-like models [15, 29] and a successful construction of such theory in d = 2 was achieved recently [29] . We hope to consider supersymmetric theories in the future.
In this section we consider the bosonic 3-tensor model with the O(N ) 3 symmetric action [15] 
where each index runs from 1 to N . At the free UV fixed point the quartic interaction term has dimension 2d − 4. For d < 4 it is relevant and the large N theory may flow to an IR fixed point. However, the fact that the interaction term is not positive definite may cause problems with unitarity. Also, for d < 2 the dimension of the interaction term lies below the unitarity bound. Nevertheless, we will see that the large N Schwinger-Dyson equations have formal solutions corresponding to the IR fixed point.
At large N in the IR limit the two-point function is a solution of the Schwinger-Dyson equation [15, 32] 
where
. Using the Fourier transformation
we find the solution to the equation (2.2)
Spectrum of two-particle operators
The O(N ) 3 invariant two-particle operators of spin zero have the form φ abc (∂ µ ∂ µ ) n φ abc , where n = 0, 1, 2, . . .. At the quantum level these operators mix with each other, although this mixing rapidly decreases as n increases, and the eigenvalues approach 2n + Let us denote the conformal three-point function of a general spin zero operator O h with two scalar fields φ abc by
where h and ∆ φ = d/4 are the scaling dimensions.
In the large N limit one can write the Schwinger-Dyson equation for the three-point function [23] v 6) where the kernel is given by the formula
This equation determines the possible values of scaling dimension h of the operator O h . Now using the general conformal integral [33] 
one can find that [15] 
The dimensions of the spin zero operators in large N limit are determined by g(h) = 1. In
is unstable. 3 From the AdS 5− side the relation between mass and scaling dimension
which is slightly below the Breitenlohner-Freedman [35] bound
More generally, for d < 4 the first solution of g(h) = 1 has the form
where α(d) is real. This is in agreement with (2.12) for m
On the other hand, for 4 < d < 4.155, h 0 is real and the large N theory is free of this instability, at least formally.
Spectrum of higher-spin operators
Consider a higher-spin operator J s (x) = z µ 1 . . . z µs J µ 1 ...µs , where we introduced an auxiliary null vector z µ , satisfying
The three-point function J s φ abc φ abc is completely fixed by conformal invariance 
In the large N limit one can again write the Schwinger-Dyson equation for the three-point
To perform the integral in the r.h.s of (2.18) we use the well-known integral
Using (2.19) we find 20) and to find the spectrum we have to solve the equation g(τ s , s) = 1. Note that for any d,
there is a solution with s = 2 and τ s = d − 2. This corresponds to the conserved stress tensor, consistently with the conformal invariance.
For general fixed spin s, the dimensions should approach, at large n
where n is interpreted as the number of contracted derivatives. Alternatively, one can also study the behavior for large spin s, and fixed n (say n = 0), where the dimensions should approach ∆ Js ≈ 2∆ φ + s + c/s τ min , where τ min is the lowest twist (excluding the identity) appearing in the OPE expansion of the φ 4-point function [36] [37] [38] .
For n = 0 we have in
Note that the correction to d − 2 vanishes for s = 2, as it should since the stress tensor is conserved. The fact that this correction for s = 2 is ∼ also makes sense, because for nearly conserved currents the anomalous dimension starts at ∼ g 2 on general grounds (like γ φ ). The spin dependence in the above result is the expected one for an almost conserved current near d = 4, see e.g. [39, 40] .
In d = 2 the equation determining the dimensions becomes elementary and reads
with solutions In d = 2 + there is also a tower of real solutions: + is, it is a normalizable mode which needs to be integrated over, similarly to the h = 2 mode. 
where g 1 , g 2 , g 3 are the bare couplings which correspond to the three possible invariant quartic interaction terms. The perturbative renormalizability of the theory requires that, in addition to the "tetrahedron" interaction term (1.1), we introduce the "pillow" and "double-sum"
To find the beta functions we use a well-known result [41] for a general φ 4 -model with the
In our case we can write interaction as
where κ i = (a i b i c i ) is a set of three indices and g κ 1 κ 2 κ 3 κ 4 is a sum of three structures
.1) and (3.2). For example
where the last term means that we have to add all terms corresponding to permutations of κ 1 , . . . , κ 4 . Using the explicit formulas in [41] , we find the beta functions up to two loops 
and For the anomalous dimension we obtain
Now, using the large N scaling
whereg i are held fixed, we find that the anomalous dimension
and the beta functions We note thatβ t depends only on the tetrahedron couplingg 1 , while the beta functions for pillow and double-sum also containg 1 . This is a feature of the large N limit. Similarly, in the large N limit of the quartic matrix theory, the double-trace coupling does not affect the beta function of the single-trace coupling (see the Appendix).
The large N critical point with a non-vanishing tetrahedron coupling is
For the dimension of the O = φ abc φ abc operator at large N we find
This exactly coincides with the large N solution (2.11), providing a nice perturbative check of the fact that the scaling dimension is complex. We note that the imaginary part originates from the complex pillow and double-sum couplings.
Now if we look for the dimension of the tetrahedron operator, then using the derivative of the beta function, we find
which coincides with the scaling dimension h 1 of operator φ abc ∇ 2 φ abc found in (2.11).
Generalization to Higher q
The construction of theories for a single rank 3 tensor field with the quartic interaction (2.1) may be generalized to a single rank q − 1 tensor with the O(N ) q−1 symmetric interaction of order q. Since the indices of each O(N ) group must be contracted pairwise, q has to be even.
The rank q−1 tensor theories have a large N limit with λ 2 = g 2 N (q−1)(q−2)/2 held fixed, which is dominated by the melonic diagrams (this follows from the method of "forgetting" all but two colors in the graphs made out of q − 1 strands by analogy with the derivation [5, 8, 14, 15] for q = 4). For example, for q = 6 the explicit form of the interaction of a real rank 5 tensor is [15] 
Since every pair of fields have one index in common, this interaction may be represented by a 5-simplex.
The two-point Schwinger-Dyson equation has the form
The general d solution to this equation is
In analogy to Section (2.1) one can find a spectrum of spin zero operators by solving Schwinger-Dyson equation for the three-point function
where the kernel is given by the formula
Using the integral (2.8) and expression (4.3) we find
where C φ is given in (4.3).
By solving g q (h) = 1 we find the spectrum of dimensions of spin zero two-particle operators. As we already noticed in (2.1), for q = 4 the lowest operator O = φ 2 has complex dimension, which signals an instability of the theory. However, for d greater than the critical value d cr , there exists q crit such that for q > q crit the solutions of g q (h) = 1 are real, and the two-particle operators do not cause instabilities. The d cr is determined by
and we find d cr ≈ 1.93427. Interestingly, q crit diverges at d cr as q crit ≈
d−dcr
. The plot for q crit as a function of d is shown in Figure 2 .
In d = 2, the critical value of q is still large: q crit ≈ 64.3 [29] , but it drops to ≈ 5.9 in d = 3. For d < d cr the lowest eigenvalue is complex for any q. In d = 1, in the large q limit 
Higher spin operators
Similarly to the case q = 4, we may generalize the discussion of q > 4 to the higher spin operators. We find that
As a check of this formula, we note that the equation g q (τ s , s) = 1 for s = 2 has a solution τ s = d − 2 corresponding to the stress-energy tensor.
Similarly to the case q = 4, which degenerates for d = 2, we find a similar degeneration of (4.9) for q = 8 and d = 4, and the expansion coefficients grow rapidly. It appears that h − corresponds to operator φ abcde φ abcde , h + to a quartic operator which mixes with it due to interactions, and h 1 to
As increases, h − approaches h + , and at crit ≈ 0.02819 they merge and go off to complex plane (see Figure 3) . The scaling dimension of operators φ abcde (∂ µ ∂ µ ) n φ abcde with n > 1 are found to be
where H n is the Harmonic number. For large n we get
This agrees with the fact that the dimension of operators φ
for large n.
For operators of s > 0, we may use (4.9) to obtain for n = 0
The first term is the dimension of the operator in free field theory, while the additional terms appear due to the φ 6 interactions.
It would be interesting to reproduce the 3 − expansions found in this section using perturbative calculations in the O(N ) 5 invariant renormalizable φ 6 theory. This is technically more complicated than the similar calculation we carried out in 4 − dimensions, because there are several invariant φ 6 terms. An obvious danger is that the coupling constants for some of the sextic operators will be complex in d = 3 − . We hope to return to these issues in the future.
In this appendix we consider renormalizable theory in 4 − dimensions with a matrix degree of freedom and O(N ) 2 symmetric quartic interactions:
where g 1 , g 2 are the bare couplings which correspond to the two possible invariant quartic interaction terms. The perturbative renormalizability of the theory requires that, in addition to the single-trace term
we introduce the double-trace term
In analogy with the section 3 we find the beta functions using a well-known result [41] for a general φ 4 -model with the interaction vertex V = 12g 1 + 5g 2 ) .
(A.6)
We note thatβ st depends only on the single-trace couplingg 1 , while the double-trace beta function depends on both couplings. This is a familiar phenomenon for beta functions in large N matrix theories [42] . Comparing with the beta functions (3.6-3.8) of the large N 3-tensor theory, we observe that the tetrahedron coupling in the tensor model is analogous to the single-trace coupling in the matrix model, while the pillow and double-sum couplings in the tensor model are analogous to the double-trace coupling in the matrix model.
The large N critical point with a non-vanishing single-trace coupling is
For the dimension of the O = φ ab φ ab operator at large N we find 
